Critical Balances and Payoffs of

an Estimation Program
Chester D. Carlow

Maintaining the intuitive freshness and full educational value of genuine estimating over a long period of time is difficult to achieve.  It requires a gardener’s long-range view of preparing the soil and sowing the seeds.  When this is done properly, the harvest may be bountiful.

HISTORICAL BACKGROUND


The development of a systematic estimation program entitled “Concept Development through Estimating and Approximating” was begun in the summer of 1969 at the Ontario Institute for Studies in Education (Carlow 1975-81).  The motivation for developing the program grew directly out of general dissatisfaction with mathematics instruction at the time.


A three-member observation team decided to develop the program after visiting classrooms and studying textbooks for a year.  The decision was based on the following conclusions:

1. The applications of number system properties in the new math tended to be very formal and cumbersome.  By contrast, insights coming out of genuine estimating experiences could be preverbal, simple, and direct.

2. When concrete materials were used in the standard way, the related concepts typically emerged after the processes of counting or measuring.  Consequently, the concept often got partially lost in the counting or measuring process.  In genuine estimating, however, the concepts are strictly up front.  The counting and measuring are carried out merely to confirm or refute judgments already made.

3. The occasional approximating being done at the time was typically limited to routine and mechanical rounding-off procedures.  The occasional estimating was, for the most part, tied to immediate objectives (as in the measurement estimates of a particular lesson).  Neither of these contributed much to a strong number sense or to a holistic framework for understanding mathematical facts and relationships.


What was needed, it seemed, was the development of two very different sets of


skills that we labeled as follows:

1. Approximating skills for judging the reasonableness of computational outcomes involving complex numerical expressions.  Such judgments are mediated by rounding off, compensating, or other mental operations.

2. Estimating skills for making direct, intuitive judgments of quantity in relation to objects in the real world.


The original purpose of the systematic estimation/approximation program was not to do away with the routines and the analyses of existing mathematics programs but rather to build a combined linear/analytic and intuitive/holistic approach that would be superior to either one by itself.  The rules and routines would be retained to help make the understandings detailed and precise; the estimating and approximating would be added to support the details with a strong informal background of awareness and understanding.


In the years since 1969 the need for systematic estimating and approximating appears to have increased.  In a review of a number of recent research studies, James Hiebert (1984) reports that students still have great difficulty linking form with understanding.  After a few years in school, for example, they tend to replace reasonably good problem-solving strategies with shallow, sometimes meaningless, procedures.  Also in dealing with fractions many students follow computational rules in a mechanical way, undisturbed by the unreasonableness of answers.


What makes the situation more serious at the present time is the growing accessibility of microcomputers.  Without a well-developed sense of mathematical facts and relationships, students have no way to judge the reasonableness of numerical output from a computer.

AWAKENING TO NUMBER AND QUANTITY IN THE WORLD


“Concept Development through Estimating and Approximating” begins in kindergarten with incidental estimating associated with what the child is doing at the moment.  Its role is to awaken children to the many quantitative aspects of the world around them.  Thus the teacher “wonders” how many blocks can be stacked before they fall over, or whether there are enough pencils to go around.


Also there are estimates relating number to the everyday world through linear measure, area, and volume.  For example, children estimate how many of them it will take to stretch the length of the classroom, how many handprints it will take to cover the paper, or how many children can squeeze into the big box.
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The first estimates are critical for avoiding the pitfalls of wild guessing, partial counting, mechanical routines, unrealism, and oversimplicity.  The estimating tasks must be easy enough for children to want to make direct judgments of quantity without the mediating procedures (such as counting) that destroy the intuitive grasp of the whole situation.  Yet they must be challenging enough to involve real and significant judgments.


Incidental estimating plays an important role through the grades by enhancing the understanding of topics currently being studied.  However, planned estimation lessons (of about two or three estimates each) are required to provide systematic preparation for things to come.

PROVIDING AN INTUITIVE PREVIEW OF THINGS TO COME


One potential payoff of estimation lessons is the often unconscious, partial learning of topics before they are studied formally.  Thus, in “Concept Development through Estimating and Approximating” there are pre-addition lessons, pre-multiplication lessons, and lessons that hint at many other mathematical facts and relationships.  From the student’s point of view, the focus of these lessons is on making good estimates.  From the teacher’s point of view, the objective is two-fold:

1. To help the students become good estimators

2. To help them become familiar with, or subconsciously aware of, some of the facts and relationships reflected in the materials

The some is stressed to point out the freedom that children must be given to develop intuition in their own individual way.  The learning materials may provide enriched environments, and the teacher may encourage light-touch discussions; however, any heavy-handed emphasis on tight, logical sequencing or immediate measurable outcomes, which works well in other mathematics learning, will tend to retard the development of intuition.


Our lessons on direct estimating of number illustrate the attempt to develop children’s estimation ability and at the same time give them an intuitive preview of things to come.  In order to make direct estimates, children must internalize appropriate standard referents or perceptual anchors.  A perceptual anchor is a quantity whose size is readily perceived in different settings; thus, a child can use internalized perceptual anchors to make comparative estimates of other quantities.  Children, on their own, normally internalize no more than two perceptual anchors, their own weights and heights, and both of these have limited applicability to estimating number.


Therefore, if one wants to promote direct estimates of number, one must develop the appropriate perceptual anchors.  For the pre-addition and pre-multiplication estimating we developed just three perceptual anchors – anchor 10, anchor 20, and anchor 100.  We use each anchor for a broad range of estimates, roughly ranging by a factor of 2.5 below and above the anchor number.  Thus, anchor 20 is used as a referent for estimates of sets with as few as eight and as many as fifty elements.  To avoid the heavy-handedness mentioned above, we softened the focus on computation by hinting at other things as well.  A few examples (fig. 8.1) will illustrate the general nature of these estimates.  These anchor-20 estimates, while useful in developing the ability to estimate, can also promote conservation of number, hint at some addition and multiplication facts coming up later (such as 5 x 5 and 3 x 4), and hint at the relationship between areas of rectangles and areas of parallelograms.




About how many
About how many

About how many

[image: image2.png]



Fig. 8.1


The anchor-100 estimates in figure 8.2 include randomly arranged objects to help prevent excessive dependence on patterns, other sets of objects to suggest the 7 x 7 multiplication fact, and the idea that the area of a circle is a little more than three-fourths the area of a square having the same diameter.

About how many objects in each?
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Fig. 8.2


Other kinds of estimates of number in the program do not involve perceptual anchors.  Like the incidental estimates, these estimates use as referents a part of all the objects present at the time (fig. 8.3).  Such estimates are included not only to develop estimation ability but also to extend the young student’s general awareness of number beyond the normal range.

	About what fractional part of the stars is enclosed?
	About what percent of the square is shaded?
	About how many hairs in the comb?
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Fig. 8.3

CONFIRMING AND CONSOLIDATING

AFTER FORMAL LEARNING HAS TAKEN PLACE


Many of our estimation lessons in grades 4, 5, and 6 occur after the topics have been dealt with formally in the regular mathematics program.  The role of these estimates, therefore, is to confirm and consolidate rather than to prepare the way for learning.  In addition, two chapters in the book for grades 5 and 6 are devoted to the development of approximation skills – skills for judging the reasonableness of computational outcomes.  A few examples will illustrate these lessons:


1.  278 x 47 (
(a) 300 x 50

2.  486 ÷ 54 (
(÷ (




(b) 200 x 50





(c) 300 x 40

3.  24 x 44 x 77 ( ( x ( x (
Students learning the approximation skills will have had routine rounding-off experiences and will now proceed to more sophisticated and holistic compensating techniques in order to achieve closer approximations.


The best alternative in the first exercise listed above is 






278 x 47 ( 300 x 40.

Even though the 40 is a little too low, students will learn that if the second digit of 278 is increased by 3, the second digit of 47 must be reduced by 4 or 5 to compensate (because 47 is greater than 27).


In the second exercise, 450 and 50 are good approximating numbers: 






486 ÷ 54 ( 450 ÷ 50.

In division exercises (as students should learn from working with equivalent fractions), changes in the dividend are compensated by changes in the same direction in the divisor.


In the third exercise,






24 x 44 x 77 ( 20 x 50 x 80.

Increasing 44 to 50 is not enough to compensate completely for reducing 24 to 20.  Thus 77 is also increased to 80.  And though experienced approximators may feel it is still not quite enough, they let it stand as a fairly good approximation.


From these examples it can be seen how estimating and approximating form a powerful means of enriching the understanding of number and operations on numbers.

CRITICAL BALANCES IN ESTIMATING


It is well to be somewhat tentative about proclaiming critical balances in the teaching of anything as recently developed as systematic estimating.  What may be required in one strategy may be harmful in another.  Nonetheless, real estimating simply cannot be taught in the tightly sequenced and rule-bound approach commonly used in other mathematics learning without destroying both the integrity and potential educational value of the instruction.  Thus, there seem to be a number of critical balances or “golden means” that must be maintained for the successful teaching of estimation.  If one strays very far from these, the results can be devastating.  Following are nine such critical balances.

1. Developing the “right” number of perceptual anchors – about three in each of five or six areas.  The need for perceptual anchors arises because estimates, to be educationally valuable, must be almost effortless and holistic.  Then students have the freedom to notice facts, relationships, and qualities embedded in the things being estimated.  With too few anchors, the domain of genuine estimating—and with it the number of relationships that can be addressed—is restricted.  With too many anchors, the learning task becomes too complex and confusing.


After much deliberation we selected the following “lean” system of anchors, 


including the anchors for numbers already mentioned.

	Anchors for Estimating in Various Domains

	Number
	Length/

Distance
	Area
	Volume
	Mass
	Angle
	Fractional Numbers

	10
	1m
	100 cm2
	1(
	1 kg
	90(
	halves,thirds, and fourths

	20
	30 cm
	1000 cm2
	30(
	
	30(
	

	100
	30 m
	
	1 m3
	
	
	percents (%)

	large numbers
	100 m
	10 m2
	30 m3
	
	
	per mil (%)


2. Show the objects to be estimated for the right amount of time—about one to three seconds for each showing, depending on the complexity of the things being estimated.  Too brief a showing leads the children to believe that the teacher doesn’t really expect a careful estimate.  Prolonged showings promote habits of analyzing and partial counting that destroy the direct intuitive grasp of genuine estimating.  In the words of William Wordsworth:




Our meddling intellect




Mis-shapes the beauteous forms of things:—



We murder to dissect.






—“The Tables Turned”

3. Have the right number of showings for each estimate—exactly two.  When estimates are made in connection with large objects in the environment, the showings are achieved by having the children look, then look away.

4. Have the right proportion of random and patterned arrangements—about half and half.
5. Have the right number of estimation lessons each week—about two or three.  In addition to estimation lessons, some estimating directly related to, and carried out during, the regular mathematics class is essential from time to time.  However, this must be done in moderation.  For example, to encourage students to make estimates in connection with all or most measurement activities is disastrous.  Its perceived uselessness quickly undermines children’s attitudes about all estimates.

6. Have the right number of estimates for each lesson—about three.
7. Have the right amount of  follow-up discussion for each lesson—a “light touch” discussion of five to ten minutes.
8. Have the right amount of student checking.  Our approach to checking follows:
a) All children count in unison to check very easy estimates related to anchor-10 and –20 estimates.
b) Two students count or measure and report immediately for other easy-to-check estimates.
c) Two pairs of students check and report later for more difficult checking requiring more than five minutes.  (If pairs differ, they must check again.)
d) Students as a group are not asked to estimate and then check their own estimates because it quickly leads to the perception that estimating is not important.


9. Have the right amount of training for teachers to develop their own estimating skills—a minimum of one three-estimate lesson each month in conjunction with regularly scheduled meetings until all teachers become fairly good estimators.


Failure to maintain these nine balances tends to result in student frustration, loss of interest, inability to make good estimates, partial counting, limiting the relationship between estimating and other mathematical content, estimating on the basis of extraneous cues, failure to capitalize on purposeful measurement activities, and failure of teachers to keep up with their students.  Each of these results seriously undermines the genuineness and potential value of the estimates.

A few comments on critical balance number 4 will indicate the kinds of problems that arise when a critical balance is not maintained.  As we argued earlier, under the right conditions estimating can be an obvious and powerful vehicle for helping children develop the ability to conserve number.  In fact, the very notion of conceptual anchor implies that children have learned to recognize the quantity represented by the anchor in a wide variety of contexts.  It follows, therefore, that if critical balance 4 is not maintained and sets of objects being estimated contain too many patterns or regularities, then the generality of the anchors will not be achieved, conservation will not be promoted, and the genuineness of the estimates themselves will be undermined.  However, in an already crowded curriculum systematic estimating can best be justified if it can be shown to prepare the way for, enhance, and consolidate learning more effectively than an equal amount of time spent in some other way.  And the only way this can occur is to present some patterns and regularities among some of the things being estimated, since in this way one may hint at, and gradually develop, an appreciation of a great variety of mathematical facts and relationships.


The balances for developing sophisticated approximation skills are less documented at this time but nevertheless appear to be just as critical.  One must allow enough time for the unhurried exploration of the relationships between the numbers in an expression yet not enough to encourage partial calculations.  One must sequence so that the approximations are easy enough to promote a reasonable level of success but difficult enough to involve significant judgments.  One must give enough guidance to promote satisfactory progress but not so much that the approximating strategies become rigid and routine.


Although other critical balances may be found in the future, these nine are enough to indicate that systematic estimating and approximating, like genuine problem solving, may be among the most difficult to teach of all the goals of mathematics.  The approach to teaching them is much different from that of teaching computational skills.  And the payoffs, as we shall see, are also very different.

POTENTIAL PAYOFFS


The greatest potential payoff of an extensive estimating/approximating program is the greatly enriched preparation for meaningful learning.  It is well known that the quality of learning depends on the existing perceptions, intuitions, and understandings that the student brings to the learning situation.  As expressed by the cognitive psychologist David Ausubel (1968, vi),

If I had to reduce all educational psychology to just one principle, I would say this:  The most important single factor influencing learning is what the learner already knows.


What the learner knows through estimation and approximation, properly taught, tends to be intuitive, nonverbal, relational, and real.  What the learner knows through typical classroom activities supported by typical mathematics textbooks is more formal, verbal, factual, and (in many children’s eyes) arbitrary.


A second potential payoff for an extensive estimation program comes from a greatly increased familiarity with the quantitative aspects of the environment.  This helps to demystify mathematics for many students and makes mathematics more relevant for all.


A third potential payoff has to do with increased motivation.  Two different factors may be involved.  From the cognitive side a large number of children do not do well in mathematics when it is taught primarily in terms of rules, linear progressions, and verbalizations that depend heavily on good memory and good self-monitoring skills.  Some of these children may be more successful, and hence better motivated, by an alternative mode of understanding—a more intuitive, informal, and holistic one.  In addition, the estimation lessons can be so different and so enjoyable that motivation may be increased.


A fourth payoff is the substantial saving of time that may result.  For example, even rudimentary approximating skills would prevent the child from getting lost in time-consuming formalities such as the following:
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A fifth potential payoff is a general improvement in teaching.  When teachers harvest good estimations and approximations as they prepare the ground and sow the seeds for further, more holistic understanding, the experience may generalize to other situations.  A substantial enrichment of the present narrow, flowchart approach to teaching could result.


In summary, systematic estimating and approximating skills over several domains can be taught effectively only if curriculum developers and teachers maintain a number of critical balances.  If this is well done, the payoffs can be considerable indeed.
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small measures








[Source: Estimation and Mental Computation, 1986 Yearbook, National Council of Teachers of Mathematics, Permission Granted]

\CDGOALS\Bk 3-5\Chp9\Critical Balances.doc

10

