
GRADE SEVEN - CONTENT STANDARD #10:  DISCRETE





OVERVIEW

Discrete mathematics is the branch of mathematics that deals with arrangements of distinct objects.  It includes a wide variety of topics and techniques that arise in everyday life, such as how to find the best route from one city to another and where the cities are arranged on a map.  It also includes how to count the number of different combinations of toppings for pizzas, how best to schedule a list of tasks to be done, and how computers store and retrieve arrangements of information on a screen.  Discrete mathematics is the mathematics used by decision-makers in our society, from workers in government to those in health care, transportation, and telecommunications.  Its various applications help students see the relevance of mathematics in the real world.

Although the term “discrete mathematics” may seem unfamiliar, many of its themes are already present in the classroom; whenever objects are counted, ordered, listed, whenever instructions are presented and followed, or whenever games are played and analyzed, the themes of discrete mathematics are being addressed.

The five major themes of discrete mathematics are as follows:

1. systematic listing, counting, and reasoning, i.e., combinations and permutations;

2. discrete mathematical modeling using networks (a form of graph) and trees;

3. iterative (repetitive) and recursive patterns and processes;

4. sorting, classifying, organizing and transforming and communicating information;

5. following and devising lists of instructions, called “algorithms,” and using algorithms to find the best, where “best” is defined as the most efficient, cost effective or equitable solution to real-world problems.

Software which is aligned with this standard is listed in the appendix.

INSTRUCTIONAL FOCUS

As students progress through the grades, they need to be provided with opportunities to address the five themes listed on the previous page in concrete settings, including games and general play. They also need opportunities to progressively experience the themes in more complicated settings and more abstract forms.

At the K-4 level, students should see a variety of strategies to systematically list and count the number of ways there are to complete a task.  For example, primary school students should be able to make a list of all possible outcomes of a simple situation such as the number of outfits that can be used to dress their teddy bears or can be worn using two coats and three hats.  Similarly, playing any game involving choices becomes a mathematical activity when children reflect on the moves they make in the game.  In grades 3 and 4 students need to encounter problems where they systematically list and count the total number of possible combinations of dessert and beverage that can be selected from pictures of those two types of foods they have cut out of magazines or that can be selected from a restaurant menu.  Playing games like Nim, dots and boxes, and dominoes are appropriate games as a mathematical activity when children systematically reflect on the moves they make in the game and use those reflections to decide on the next move.

Students need opportunities to explore the discrete mathematical models of networks and trees.  At the K-2 level, children explore networks and use life-size models of them in various ways.  For example, a large version of the network below, or any other network, can be “drawn” on the floor using paper plates as vertices and masking tape as edges.  Students would then explore all the different ways to get from one point to another and discuss the similarities and differences in the different routes.
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Students at the grade 3-4 level need opportunities to use networks in various ways.  For example, by finding a way to get from one island to another by crossing exactly four bridges, or by finding a route for a city mail carrier which uses each street once, or by constructing a collaboration network for the class which describes who has worked with whom during the past week.  They also need to encounter problems that can be solved using the “tree” model.  Three views of the same tree are pictured in the diagram below; the first suggests a family tree diagram and the third a “real” tree.  Students could use a tree diagram to organize the six ways that three people can be arranged in order.
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Iterative and recursive processes and patterns are used both for describing the world and in solving problems.  Elementary students should understand that multiplication corresponds to repeatedly adding the same number a specified number of times.  They should investigate how decorative floor tilings can often be described as the repeated use of a small pattern, and how the patterns of rows in pine cones follow a simple mathematical rule.  At the K-2 level students can create (and decorate) a pattern of triangles or squares that cover a section of the floor (this is called a tessellation”), or start with a number and repeatedly add three, or use clapping and movement to simulate rhythmic patterns.  Children at the 3-4 grade levels are fascinated with the Fibonacci sequence of numbers 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89...where every number is the sum of the previous two numbers.  This sequence of numbers appears in petals of flowers, in the growth of populations, in pineapples and pinecones, and in lots of other places in nature.  Another important sequence to introduce at this age is the doubling sequence 1, 2, 4, 8, 16, 32...and to discuss different situations in which it appears.  

Students should sort, classify, organize and transform information in a variety of settings.  Elementary students should investigate ways to represent and classify data according to attributes such as color or shape, and to organize data into structures like tables or tree diagrams or Venn diagrams.  K-2 students can count the number of children who have birthdays in each month by organizing themselves into birthday-month groups.  Students at the 3-4 grade levels should investigate ways of sorting items according to quantitative information like size, arranging data using tree diagrams and building charts and tables, and recovering and transforming hidden information in games and encoded messages.  For example, they can sort letters into zip code order or sort the class alphabetically, create bar charts based on information obtained experimentally (such as soda drink preferences of the class), and play games like hangman to discover hidden messages.

Students need various opportunities to describe and discuss simple algorithmic procedures and in simple cases determine what is the best solution to a problem.  At the K-2 level, give students opportunities to follow both verbal and visual (as pictured below) instructions for getting from one location to another and to compare various alternate routes.  By the end of grade 2 students should have opportunities to solve problems such as determining the shortest path from one site to another on a map laid out on the classroom floor.
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Students at the 3-4 grade levels should devise or follow directions.  For example, they might follow a recipe to make a cake or describe how to assemble a simple toy from its component parts.  Or they might find the best way of playing tic-tac-toe or the shortest route that can be used to get from one location to another.

At the 5-8 level, students need continued opportunities to systematically list and count the number of ways to complete a particular task with the emphasis on increasing the complexity of the context of the tasks.  In grades 5-6, students become familiar with the idea of permutations, that is, the different ways in which a group of items can be arranges.  For example, if three children are standing by the blackboard, there are altogether six different ways, called permutations, in which this can be done. If the three children are Amy (A), Bethany (B), and Coriander (C), the six different permutations can be described as ABC, ACB, BAC, BCA, CAB, and CBA.  Similarly, the total number of different ways in which three students out of a class of thirty can be arranges at the blackboard is altogether 30x29x28, or 24,360 ways, an amazing total!  In grades 7 & 8 students need to work with permutations where the order of items is irrelevant.  For example, the number of different three digit numbers that can be made using three different digits is 10x9x8 because each different ordering of the three digits results in a different number.  However, the number of different pizzas than can be made using three of ten available toppings is (10x9x8)/(3x2x1) because the order in which the toppings are added is irrelevant; the division by 3x2x1 eliminates the duplication.

Students need ample opportunities to encounter problems that can be best solved using the discrete mathematics models of networks and trees.  In grades 5-6 students should encounter problems involving routes for garbage pick-ups, school buses, mail deliveries, snow removal, etc.; and model such problems by using networks, and be able to solve such problems by finding suitable paths in these networks.  In grades 7-8 the complexity of the problem is increased.  For example, students should be able to use these networks, or Venn Diagrams to schedule a school’s extra curricular activities so that if at all possible, no one is excluded because of conflicts. 

In grades 5 and 6, students should explore iteration using software such as Loog where they recreate a variety of interesting patterns (such as a checkerboard) by iterating the construction of a simple component of the pattern (in this case a square).  As with younger students, 5th and 6th graders are fascinated with the Fibonacci sequence 1, 1, 2, 3, 4, 8, 13, 21, 34, 55, 89...where every number is the sum of the previous two numbers.  Although the Fibonacci sequence starts with small numbers, the numbers in the sequence become large very quickly.  Students can now also begin to understand the Fibonacci sequence and other sequences recursively – where each term of the sequence is described in terms of preceding terms.  In grades 7 & 8 students should use their understanding of exponents and iteration to solve problems involving compound interest with a calculator or spreadsheet.  Students should use software to explore how simple repetitive rules can generate interesting patterns and the beginning stages of fractal curves.  They should investigate the ways that the plane can be covered by repeating patterns, i.e., tessellations. Topics which before were viewed iteratively – arriving at the present situation by repeating a procedure n times – can now be viewed recursively – arriving at the present situation by modifying the previous situation.

In grades 5 and 6, sorting and classifying involves reading, constructing and analyzing a variety of data structures, especially codes, sorting items using Venn diagrams, and continuing with explorations of recovering hidden information by decoding messages.  Students begin to explore how codes are used to communicate information by traditional methods such as Morse code or semaphore (flags used for ship-to-ship messages) and by current methods such as zip codes.  In grades 7 and 8, students investigate and report about various codes that are commonly used, such as binary codes, UPCs (Universal Product Codes) on grocery items, and ISBN numbers on books.

Students need opportunities to devise and test algorithms for solving a variety of problems.  In grades 5 and 6 this includes finding the shortest route from one location to another, dividing a cake fairly, planning a tournament schedule, and planning layouts for a class newspaper.  In grades 7 & 8, students need to use algorithms to find the best solution in a number of situations – including the shortest route from one city to another on a map, the cheapest way of connecting sites into a network, the fastest ways of alphabetizing a list of words, the optimal route for a class trip, or optimal work schedules for employees at a fast-food restaurant.

At the 9-12 level, students are becoming familiar with algebraic and functional notation.  Their understanding of all of the themes of discrete mathematics and their ability to generalize earlier activities should be enhanced by their algebraic skills and understandings. 

Thus students need to explore how to use formulas to express the results of problems involving permutations and combinations.  For example, they can relate Pascal’s triangle to the coefficients of the binomial expansion of (x + y)n, investigate models of growth using various algebraic models, explore iterations of functions, and discuss methods for dividing an estate among several heirs.  

In all five areas of discrete mathematics, students need opportunities to focus on how discrete mathematics is used to solve practical problems.  For example, they should apply their understanding of counting techniques to analyze lotteries; of graph coloring to schedule traffic lights at a local intersection; of paths in networks to devise patrol routes for police cars; of interative processes to analyze and predict fish populations in a pond or concentration of medicine in the bloodstream; of codes to understand how barcode scanners detect errors and how CD’s correct errors; and of optimization to understand the 200 year old debate about apportionment and to find efficient ways of scheduling the components of a complex project.

All objectives addressed in this standard are working toward/aligned with state and national standards.  Alignment is indicated using a code that reflects the document from which it came.  Each document has its own code.

· Scope & Sequence Objectives 
1-7

· CT Frameworks


MA8:1, 2, …MA8:10

· CT Mastery Test


CMT8

· NCTM Standards 2000

NCTM – Not applicable

· CAPT



C.1-2

· MPEG Trace Map




The alignment for all objectives for Grade 7 in this standard are summarized on the following page.

Students will use the concepts and processes of discrete mathematics to analyze and model a variety of real-world situations that involve recurring relationships, sequences, networks, combinations and permutations.
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Students will:

1. Develop, use, and explain strategies for games, puzzles, counting, and logic problems.

2. Organize data using a variety of formats such as tree diagrams and Venn diagrams.

3. Develop and use concepts of combinations and permutations and other counting strategies in a 

wide variety of contexts.

4. Use networks to model situations and solve problems.

	CT Frameworks [MA8:]


	NCTM

	a) Use systemic listing and counting strategies, including simple combinations and permutations.

b) Use recursive processes, including iteration, to explore and solve problems.

c) Devise, describe and test algorithms for solving optimization problems. 
	#2 Algebra

A.  Understand patterns, relations, and functions.

      1.  Represent, analyze, and generalize a variety of patterns with tables, 

          graphs, words, and, when possible, symbolic rules.

#3 Geometry

D.  Use visualization, spatial reasoning, and geometric modeling to solve

      problems.

3. Use visual tools such as networks to represent and solve problems.  



	CMT Grade 8
	CAPT



	24. Solve problems involving the organization of data.

25. Solve extended numerical and statistical problems.
	1. Use systematic listing and counting strategies, including simple combinations and permutations, to solve problems.

2. Use recursive processes, including iteration, to solve problems.




	Obj.
	Sample Activities


	
	Frameworks
	CMT

 Gr. 8
	CAPT

	2
	A. CHECKERBOARD SQUARES
Students are reminded that the standard checkerboard contains eight rows of eight squares, for a total of 64 little or 1x1 squares.  Challenge students to find other sized squares on the checkerboard and then ask students to compute the total number of squares of all sizes on the board and to convince the class that they have counted all of the possible squares.

Extension:  Try to find a pattern for the total number of squares in a checkerboard with 1, 2, 3… small squares on each side.  Write a series of instructions that would help someone else find the pattern.

[Source: A Guide to K-12 Program Development in Mathematics, State of Connecticut]


	
	MA8:10a,c
	
	

	3
	B. MAD HATTER
Students pose and act out problems involving the number of different ways a group of people can sit around a table, using as motivation the scene of the Mad Hatter at the tea party.

[Source: New Jersey Curriculum Frameworks]


	
	MA8:10a
	
	

	4
	C. HANDSHAKES AND BEYOND
Students determine the number of handshakes that take place if each person in a room shakes hands with every other person exactly once, and relate this total to the number of line segments joining the vertices in a polygon, to the number of two-flavor ice-cream cones, and to triangular numbers.

[Source: New Jersey Curriculum Frameworks]


	
	MA8:10a
	
	

	D
	D. WHO’S IN CHARGE?
Students use logic to determine the job each of 6 individuals has at the insurance company.

[Source: Historical Connections in Mathematics, Volume III (1995 AIMS Education Foundation, pg. 66, http://www.AIMSedu.org]
Permission Granted












          [See page A.128]
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	Obj.
	Sample Extended Lesson(s)
	
	Frameworks
	CMT

 Gr. 8
	CAPT

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


	Obj.
	Sample Informal Assessment(s)
	
	Frameworks
	CMT

 Gr. 8
	CAPT

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


	Obj.
	Sample Formal Assessment(s)
	
	Frameworks
	CMT

 Gr. 8
	CAPT

	2
	A. Phone Trees
Students determine the most effective way to notify all households in a community.

[Source: A Guide to K-12 Program Development in Mathematics, State of Connecticut]                                                                                                                                   










[See p.A.129]
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