TEACHING ESTIMATION STRATEGIES
TEACHER'S GUIDE

INTRODUCTION:

As we develop our Math curriculum we talk about the necessity of estimating. We say it should
be imbedded, but we don't clearly say how. We say it's important, but we seem to value only
exact answers. So what's changed?

Estimation skills have become critical for one very good reason. The increase in use of the
microcomputers and the prevasiveness of calculators both in and out of school demands a "well-
developed sense of mathematical relationships and facts”. Otherwise, "students have no way to
judge the reasonableness of numerical output from a computer".

So how do we do this?

Instruction:
« Develop number concepts (e.g., place value and fractions)
« Provide direct instruction to develop strategies and relate them to different applied
situations.
« Recognize that imbedded estimation requires up-front planning
« Assist students in developing and iternalizing “perceptual anchors”

Practice:
« Use on-going short practice sessions of 5-10 minutes.
« Apply estimation strategies in a variety of situations and contexts.

Assess:
« Assessment drives instruction: Integrate estimation tasks
« Incorporate periodic testing that focuses only on estimation with what we're already
doing for assessment.

DEVELOPING PERCEPTUAL ANCHORS

A perceptual anchor is a quantity whose size is readily perceived in different settings.
Developing these anchors provides the foundation for effective estimation strategies. Students
need to develop these anchors as they learn the strategies.

ESTIMATION STRATEGIES

There are 2 categories of estimation strategies, perceptual and computational for a total of 8.
Students need opportunities to experience and identify all 8 strategies. An important part of
learning a strategy is to be able to identify why and when one would want to use such a strategy.

\CDGOALS\Bk 9-12\Chp8\Teacher Guide.doc 1 e




Perceptual estimation strategies

Perceptual estimation strategies are used when making direct, intuitive judgments (estimates) in
the every day world in areas such as quantity, linear measure, area, and volume. Effective
perceptual estimation strategies require the use of perceptual anchors.

1. Compare an unknown quantity to a known quantity
2. Partition an unknown quantity into known quantities
3. Use mental computation

Computational strategies

Computational strategies are intended to make computation easier. A variety of these strategies
exist. They are selected to fit the context of the problem, the specific numbers and the operations
involved. This parallels what we know about problem solving. No one problem solving strategy
is efficient for every problem.

Computational strategies need underlying concepts clearly taught. Estimating computations with
fractions, decimals, and percents are the areas that are most challenging for students. The
research indicates that this happens because students lack an understanding of what these
numbers mean, and focus merely on the algorithm. Estimation instruction offers an alternative
way of developing number concepts especially for fractions, decimals, and percents. Time spent
developing these basic concepts through mental computation and estimation approaches greatly
enhances, and gives meaning to, later work with exact computation.

Front-end and adjusting

Clustering around an average

Rounding and adjusting

Compatible numbers such as factors
Special numbers that are easy to compute

agprpwdE

Source of the following information: Estimation and Mental Computation, 1986 Yearbook,
National Council of Teachers of Mathematics

Perceptual estimation strateqgies

1) Comparing an unknown quantity to a known quantity: showing an object or groups of
objects similar in size or quantity and stating its numerical value. Students can then
compare this known quantity to the unknown one.

Example 1
Do Say
1. Show 17 Unifix cubes linked together. Do not let the “How many cubes do you think there are?
students count them. Write your guess.”

2. Now show 14 Unifix cubes linked together. Hold them
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or place them near the first group for no more than two
seconds so the children will not have time to count to
find the difference (fig. 7.1).

“Here are 14 cubes. Now how many do
you think there are in the first group?”
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17 Unifix cubes
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14 Unifix cubes

Fig. 7.1

3. Now remove the 14 Unifix cubes from sight. Leave the 17
cubes in view.

4. Now show the 14 Unifix cubes beside the 17 cubes again.

An acceptable range of guesses would be 16 to 18.

Example 2

1. Sort out the dark brown and the green M & M’s from a
package and place them in a transparent container. Show
them to the children (fig. 7.2).

200 M&M
candies

Fig. 7.2

2. Tell how many M & M’s there are in the container.
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“How many cubes were in the second
group?” (14)

“Are there more or fewer in this group?”
(More)

"Are there more or less than 14?" (More)
“Are there just a few more, or a lot more?”
(A few more)

“How many do you think are in this
group?...Do you want to change your
guess?...Write down your new guess.

“Kevin, you wrote 16. How did you
decide?”

“Who arrived at their estimate in a
different way?”

“What did you think?”

“What do | have in the container?”

(Dark brown and green M & M’s)

“How may dark brown M & M’s do you
think there are in the container? Write the
number of your estimate.”

120 brown

o

80 green

“There are about 200 M & M’s in the
container. Now how many dark brown M
& M’s do you think there are? Write down
a new estimate if you like.

EASTCONN
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3. Ask questions to help the children refine their answers. “Are there more or fewer than 200 dark
brown M & M’s (Fewer)
“Is the number of dark brown M & M’s
close to 200?” (Yes, it’s close.)
“Are more than half of the M & M’s dark
brown?” (Yes)
“Are more than 100 M & M’s dark
brown?” (Yes)
“Audra, you wrote down 168. How did
you think to get that number?
Who thought about it in a different way?
Would it help to know how many green M
& M’s there are?” (Yes)
“If there are 50 green M & M’s, how many
dark brown M & M’s do you think there
are?... That’s right, Yolanda, 200 minus
50 is 150, so 150 would be a good
estimate.”

An acceptable range of guesses would be 120 to 180.

Here are some other estimation activities that involve comparing an unknown to a known quantity.

1) Show the children two stacks of cards. Tell them how many are in one of the stacks. Ask
them to estimate the number in the other stack.

2) Have two children of different heights come to the front of the class. Measure the height of
one of them. Have the rest of the children estimate the height of the other. Repeat this
activity, but use weight instead of height.

3) Show the children two sets of coins. Tell the value of one set. Have them estimate the value
of the other.

4) Briefly show a set of coins consisting of quarters, dimes, nickels, and pennies. Tell how
many quarters there are. Have the children estimate the value of the set of coins.

5) Have the children close their eyes and raise their hands when they think one minute has
elapsed. Repeat, only this time tell the children when a half minute has elapsed.

6) Ask the children to guess the following fractions: What part of the class is left-handed?
What part of the class is wearing red? What part of the class is wearing glasses? Is each
quantity closer to one-fourth, one-half, or three-fourths.

2) Partitioning into known quantities: show a small part of the unknown and state its
numerical value. Students can then estimate the number of such parts in the whole and
count or mentally compute to derive a better estimate.

Example 1
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Do

1. Draw a line segment of about 80 cm on the chalkboard. Cut
several strips of paper from the bottom of a standard sheet of
paper. Tape one strip at one end of the line segment.

2. Help the children find the middle of the line segment. Mark it
on the chalkboard.

3. Tape another strip of paper to the board (fig. 7.3).

colored paper

Say
“How many strips of paper this length
could we tape along the line segment?
Write your guess.”

“Where is the middle of the line
segment? How many strips of paper do
you think it would take to reach to the
middle?” (2)

“Did two strips of paper reach about to
the middle of the line segment?” (Yes)
“If two strips of paper reach to the
middle, how many strips will it take to
reach to the end?” (4)

80 cm
Fig. 7.3

4, Tape two more strips of paper along the line to show that four
strips is about as long as the line segment.

Example 2
1. Make a chain of about 63 paper clips. Show the children.

2. Show them a chain of 20 paper clips, holding it beside the
longer chain (fig. 7.4).

3. Have children imagine putting other chains of 20 paper clips
beside the long chain.

63 paper clips
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Fig. 7.4

“How many strips of paper did it take
to reach to the end of the line
segment?” (4)

“How many paper clips do you think
there are? Write down your estimate.”

“There are 20 paper clips in this chain.
Now how many do you think there are
in the long chain? Do you want to
change your guess?”

“Imagine putting other chains of 20
paper clips beside the long chain. How
many would it take to be just about as
long?” (3)

“How many paper clips would 3 chains
of 20 be?” (60)

“How did you figure that out?”

(Added 20 + 20 + 20)

“Who did it in a different way?...

How did you do it?



Example 3

1. Show the children a jar of 400 or 500
pennies.

2. Remove 50 pennies from the jar (fig. 7.5).

3. Remove another 50 pennies from the jar.

Fig. 7.5

“How many pennies do you think are in this
jar? Write down your estimate.”

“I just took 50 pennies from the jar. Now how
many pennies do you think there are in all?
Remember to think of all the pennies.

“I just took another 50 pennies from the jar.
Now how many pennies do you think there are
in all? How many pennies have | taken out?”
(100)

“Could I take out 100 more pennies?” (Yes)

“How many groups of 100 do you think |
could take out? About how many pennies do
you think there are in all? Explain your
thinking.

Here are some more estimation activities that involve partitioning unknown into known quantities.

1) Show the children a stack of about 100 sheets of paper. Count out 20 sheets from the stack.
Ask them to estimate the number of sheets of paper in all.

2) Ask the children to estimate the length of the teacher’s arm in centimeters. Now place a 10-
cm rod beside your outstretched arm and have them estimate again.

3) Give the children four note cards to place on their desk edge to edge. Ask them to estimate
how many note cards it would take to cover their desk.

4) Show about 30 nickels. Move five aside and count them. Ask how many nickels there are

altogether. Ask how much money that is.
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3) Using mental computation

Mental computation is not a separate estimation process; rather, it is sometimes needed when
children estimate by comparing and partitioning with known quantities.

Children need instruction and practice with mental computation before they can use it efficiently
for estimation. Following are some activities to show how mental computation can be developed
using concrete materials. The emphasis is on verbalizing the step-by-step thinking used while the
materials are being manipulated. These activities have to be repeated many times before the
children are able to use the mental computations spontaneously. With two or three examples
twice a week for a month, children should improve remarkably in their mental computation skill.
These examples were selected to show instructional procedures for teaching mental computation.
Children need to possess prerequisite skills, such as basic addition and multiplication facts and
coin recognition, before attempting the mental computations described.

Example

Adding or Subtracting Multiples of 10
Many estimations are simplified if children can mentally add or subtract a multiple of ten.
Do Say
1. Use bundling sticks to show 34. “How many tens are there?” (Three)

“How much is 3 tens?” (Thirty)
“How many ones are there?” (Four)
“What number is shown?”
(Thirty-four)

2. Show two more bundles of ten (fig. 7.6) “How many tens are there in this pile?” (Two)
“What number is 2 tens?” (Twenty)

T
il
T

Tl

undles of 10 Fig. 7.6
3. Move the 2 tens beside the 3 tens. Point to the 3 “How much is 3 tens and 2 tens?” (5 tens)
tens and the 2 tens when you ask how much is 30 “How much is 30 plus 20?” (Fifty)
plus 20. “What is 50 plus 4?” (Fifty-four)

“To add 34 and 20, think 3 tens plus 2 tens is 5 tens,
or fifty. Then add 4 more to get fifty-four.”

Example
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Adding Single-Digit Numbers

Many mental computations involve adding a single-digit number to a two-digit number. Children usually count on
by ones to get the answer; however, they can learn to quickly add the numbers mentally.

Do Say
1. Use 3 dimes and 8 pennies to show 38 cents. “How many dimes are there?” (Three)
“How much is 3 dimes?” (Thirty cents)
“How many pennies are there? (Eight)
“How much money is there is all?” (Thirty-eight
cents)

2. Show 5 more pennies (fig. 7.7). “How many pennies are here?” (Five)

2 beuuee K18 Ay

g bsuee

3 quuee

3. Move 2 pennies from the group of 5 to the group ~ “How many more pennies do you need to put with the
of 8 pennies. eight to make ten?” (Two)

“What is thirty-eight plus two?” (Forty)

“How many pennies are left over from the group of
five?” (Three)

“What is forty plus three?” (Forty-three)

“Yes, 38 + 5 is 43. We can think 38 plus 2 more is 40,
and 3 more is 43.”

Here are some other types of mental computation that can be developed in a similar manner.

1. Mentally counting by fives, tens, twenty-fives, fifties, and hundreds
2. Adding and subtracting multiples of 100
3. Adding and subtracting single-digit numbers and two-digit or three-digit numbers with and without renaming
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4. Multiplying single-digit numbers by multiples of 10 and 100
5. Doubling a number and finding half of a number for multiples of 10 and 100

COMPUTATIONAL STRATEGIES

1) Front-End Strategy

This strategy is one that even young students can learn to use. Although it can be
modified for each of the four main operations, its strongest application is for addition. The focus
is on the "front end”, or left-most digits, of a number. Because these digits are the most
significant, they are the most important for forming an estimate. Front-end strategy is a two-step
process. For example, estimate the total of the following:

mnnman 1. FRONT-END... Ttal the ot (dollar) amounts.
$/.206 J+4+1+a =48
“ ’;? L. ADJUST,.. Group the cen?t antownrs
/ ' 3?] : , P form dollars.
2.58 | 26 and T9 make ¥/
, 94 cents make §/

37 and 53 make ¥/
So, F8+$3 =4y

) T . .
gg‘!‘ﬁﬁa’da aﬁ,msﬂneﬂf e’s‘l?w/mfe

This strategy can be introduced first by using money (as shown here); then other types of
numbers can be substituted. The process works well with whole numbers as well as with
fractions and decimals:

Y316 ooCH +/=54

lJ‘.Q? ’ or SD@o
+ 986 and about

2000 mioreé «es7000

ot Abiuf- X hore
o & '

f+/0+8 =16

1.4 #1008 +552°°
and. [more... /7
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The adjustment step is a powerful tool for refining an initial estimate; it can be suited to
the particular mathematical skill of the user. The real strength of this strategy is in the minimal
amount of mental computation involved (only single-digit addition) and the fact that all numbers
involved are visible to the user. It works efficiently when applied to a two-addend problem or a
six-addend problem. It can be introduced as early as third grade, where the adjustment step
may be delayed or treated very casually. For example, to estimate 326 + 214 + 145, a young
student could think, "3 + 2 + 1 is 6, so my estimate is a bit more than 600."

As mentioned earlier, the front-end strategy can be applied to subtraction (436 - 285 ... 4
- 2 is 2, so the estimate is 200, but really less, 200-). However, since with subtraction we are
operating with only two numbers at a time, rounding may be at least as efficient.

An illustration of front-end multiplication will likely remind readers that they themselves
have used an extended form of this process to mentally compute an exact product.

Front-End Adjustment

4x736...4x700=2800 4 x 36 makes at least 100
So, 4 x 736 is about 2900.

The traditional division algorithm is a front-end process. Estimating quotients often
produces errors that result in too many or too few digits. Instruction should focus on this trouble

spot. For example, estimate the quotient of 7 )3684 .

Front-End Process

5

1. Place the first digit of the quotient 7)3684
5 —

. Determine the place value of the quotient 7)3684
3. Adjust 500+

The process focuses on the first digit of the quotient and the correct place value of the
quotient. This process always produces an underestimate as students quickly see; however,
the adjustment step brings greater accuracy to the estimate if it is needed. Figures 3.4 and 3.5
illustrate a classroom format for developing front-end for addition and multiplication.

Fig. 3.4
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To Find an Exact Answer...

Multiplying usually starts at the “back end’”” of the problem:

-
5 .
-
x 8
6 see 09 oo
25
We work our way to the front: :32
3496
‘_——.

To Find a Good Estimate...

Multiplying starts at the front end:

e

x8 0 400 x 8 3200 +
a0nn a9

3200 o

Good estimate

240 00O 30x8 3440 +

Better estimate

In estimating, use as many digits as will
give you the kind of estimate you need.

\CDG(

Fig. 3.5



2) Clustering Strategy

The clustering strategy is suited for a particular type of problem that we often encounter
in everyday experiences. It can be used when a group of numbers cluster around a common
value. For example, estimate the total attendance from the following list:

World's Fair Attendance (1-6 July)

Monday 72 250
Tuesday 63 819
Wednesday 67 490
Thursday 73180
Friday 74918
Saturday 68 490

Since all the numbers are close to each other in value, we can use clustering to estimate the
total attendance.

1. Estimate an "AVERAGE" All about 70 000

2. Multiply the "AVERAGE" by the
number of values ...

6 x 70 000 is 420 000

The strategy can be used with problems involving whole numbers, fractions, or decimals.
It eliminates the mental tabulation of a long list of front-end or rounded digits, creating
instead a problem with fewer digits that are easily computed. Although clustering is limited
to a certain type of problem, it involves a natural translation process and is one that many
students (and adults) discover and use on their own.

3) Rounding Strategy

The rounding strategy is a powerful and efficient process for estimating the product of
two multidigit factors. The strategy involves first, rounding numbers; and second, computing
with the rounded numbers. A third step of adjustment can sometimes be added when both
factors are rounded in the same direction, as illustrated in figure 3.6.

This adjustment of an estimated product is a natural process. I've had a lot of rich
discussion with junior high school students about how a product should be adjusted if one
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factor is rounded up and one down. | always point out that if each number has been rounded
in an opposite direction, the process of adjustment has already been accomplished internally
and the resulting product is quite satisfactory without further adjustment.

Instruction on this strategy should clearly point out the situations when rounding can be
used efficiently. It should also emphasize that numbers can be rounded in many ways, as
illustrated in the following examples:

—

om
ESTIMATE : IT IS: ,:zo;rie;o off":‘co*

————

23 x 78 T rabout 20 x g0
or 1600 or 2000

X more Than 20X 78
or /560"t

Adjusting Estimates

Round Up
28 x 56 30 x 60

g

1800 is an
overestimate. So,

I’ll adjust down:
1800-

1200 is an

Round Down

62 x 23 underestimate. So,
%r @! I'll adjust up:
60 x 20 1200 +
Down Up You can't really
62 x 79 ‘g, x 80 tell. So, I'll just
60 say. . .4800.
Since they are both close
) Up Down | to the middle, I'll

round one up and

dnY \.Ez



Fig. 3.6

Each rounding choice produces different but reasonable estimates. The choice of
rounded factors will be dictated by the user's flexibility and ability to compute mentally.

Students should remember that the purpose of the rounding strategy is to produce
mentally manageable numbers. They need to learn to be flexible in their method of
rounding - fitting it to the particular situation, operation, and numbers involved. This
experience will strengthen the understanding that estimation is a simplifying process.
Further, it will help students appreciate that estimators decide for themselves which
simpler problem is most comfortable and accurate for their purposes.

4) Compatible Numbers Strategy

The compatible numbers strategy refers to a set of numbers that can be easily "fit
together"” (i.e., are easy to manipulate mentally). It encourages the user to take a global look
at all numbers involved in a problem and to change or round each number so it can be paired
usefully with another number. The choice of the particular set of compatible numbers
involves a flexible rounding process. This strategy is particularly effective when estimating
division problems. For example:

These are These are not
Estimate: compatible sets: compatible sets:

7 )3388 7 )3500 ! j3000
3 FZOO 7 )3300

8 WOOO 8 )3400

The compatible numbers strategy can also be used for addition problems with several
addends. The student learns to look for pairs of numbers that "fit together" to make numbers
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that are easy to compute mentally. Figure 3.7 illustrates this strategy for addition. This
strategy involves a certain level of sophistication, experience, and flexibility.

27
49
38
65
56
+81

This sum can be estimated
by grouping numbers to
form COMPATIBLE sets.

Here’s how: Look for hundreds!

; 27
49.

Here's 100 gg‘,‘Here’s 100 "Here's 100

56—
-81

The sum is about 3 hundreds.

)

Fig. 3.7

5) Special Numbers Strategy

This strategy overlaps several already discussed. Students are encouraged to be on the
lookout for numbers that are near "special” values that are easy to compute mentally. Special
values include powers of ten and common fractions and decimals. For example, each of these
problems involves numbers near special values, and therefore they can be easily estimated.

Problem: Think: Estimate:

7/8 +12/13 Each near 1 1+1=2

23/45 of 720 23/45 near 1/2 1/2 of 720 = 360

9.84% of 816 9.84% near 10% 10% of 816 = 81.6

.98 )436.2 .98 near 1 436 + 1 =436

103.96 x 14.8 103.96 near 100 100 x 15 = 1500
14.8 near 15
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The special numbers strategy is best taught along with the development of fraction, decimal, and
percentage concepts, which were discussed earlier in this article. In a sense, special numbers and
compatible numbers strategies illustrate best what estimation really is: the process of taking an
existing problem and changing it into a new form that has these two characteristics:

1. Approximately equivalent answer
2. Easy to compute mentally

In some instances, numbers are changed only slightly (e.g., 7/8 + 12/13 = 1 + 1). In others, more

drastic changes are needed to accomplish characteristic 2 (e.g., 24% of 78 = 25% of 80 = 80 +
4). Several applications of this strategy are seen in figures 3.8, 3.9, and 3.10.

Estimating Sums of Fractions

Claudia jogged-%'mile in the morning
and% mile in the afternoon.

Did she jog at least 1 mile?

e TN N
-y v v LY

a4

. | L3 ose 1oL x\'\,
________ ] ( g |s close to 5\
3 . , but a little less.
—8"m| [ -
¢/~ So, Claudla jogged
‘, less than 1 mite. )
Try These: .
- e N e
Z— -5- 4 5 4 3 e =N -
89 st s "8
About &

\CD

Fig. 3.8



Estimate:

-?—43;- of 720

——

( vukl\

——_\(

LR e LA Y

4
9

Let $ practlce Name a common fraction near each of these:

14 18 45 29 30

. Clean the problem up. Think. .

* What common fraction is % near?

It's1about

2
¢ Change it.

e Compute. I

L T T AT 0 ¢ S T e AU TR S LTINS | e A N ST n T T A Sy

7 14 7 18

About how much
is the sales tax?

2 | Compute

3 | Adjust

\CD

1 | Choose cbmpatibles

Fig. 3.9

Sales Tax Rate
9.2%

Subtotal
$58.68

Tax ?
9.2% is
_about 10%.

(s lo ]
10% of $68 % s6

$6- Tax is less
than $6

$58.68 is
about $60.




Estimation is a rich topic and is fun to teach. It offers many avenues of discussion with
students which overlap as well as support many other concepts we already teach. The ideas
presented here are intended to get you started. Many materials on estimation are becoming
available to help guide your instruction. For additional ideas, see the sources listed in the
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